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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 If i]—N =0.1(N —100) and N =300 when ¢ = 0, which of the following is an expression
t
for N?
A. 200 +100e™"
B. 300+100e""
C. 100 +200e""
D. 100+300e™"

2 The polynomial P(x)=5x"—2x>+7x—3 hasroots a, 8 andy .

What is the value of L +L +L?
aff ay Py
A. 2
3
B. _2
3
C. 3
2
p. -2
2



3 A particle moving in simple harmonic motion has acceleration given by X =50—-25x, where
x is the displacement of the particle from the origin after ¢ seconds.

Which of the following is true?

. .. 27

A. The centre of motion is at x =0 and the period is s seconds.
. .. 27

B. The centre of motion is at x =0 and the period is — seconds.

C. The centre of motion is at x =2 and the period is — seconds.

. .. 27
D. The centre of motion is at x =2 and the period is — seconds.

4  Which of the following is the derivative of y =sin™' [2 f (x)]‘?

A B !

& -2l r(x)]T
. Y 2

& i-alr ()7
R A 1 C)

& -4l (x)]
D. d___ 2

:

1=l 1 (%)]



5 In the diagram, 74 is the tangent to the circle ABCDE at the point 4. If ZBAD = 64°,
ZEAT =38° and ZDCE = 22°, then what is the size of ZADB?

D

A. 52°
B. 56°
C. 60°
D. 68°

6 The velocity of a particle, in centimetres per second, is given by v = Exz , Where x is its

displacement in centimetres from the origin.

What is the acceleration of the particle at x =2 cm?

A. 2cms?
B. 4cms?
C. 6cms?
D. 8 cms?



7 The parametric equations x =cos(2¢)+1 and y =3sin(¢)+2 correspond to which of the

following:
2 2
A (x—ll) +(y—92) _1
N R
1 9
C )c—2=—(y—2)2
D x—2=—§(y—2)2

8 A school committee consists of 6 members and a chairperson. The members are selected
from 18 students. The chairperson is selected from 5 teachers. In how many ways could the

committee be selected?

A. BCs+3C)
B. 18P, + 5P,
C. BCsx3C)
D. Bpg x 3P,



9 Two circles, one with centre 4 and radius 8 cm, the other with centre B and radius 2 cm,
touch externally at F.
C is a point on the larger circle and D is a point on the smaller circle such that CD, of length
8 cm, is common tangent to the two circles. The common tangent to the two circles at '

meets CD at E. What is the length of FE?

7 6\\ 8 cem

NOT TO SCALE

A. 6 cm
B. Scm
C. 4 cm
D. 3 cm

1

{sin”'(cx+d)

10 Consider the function f'with the rule f(x) = , where ¢,d €R and ¢ > 0.

What is the domain of /?
A. x>—£
c
B. —£<xﬁl_d
c c
C. _1_d3x31_d,x¢——
c c c
D. xe]R,x;ft—g
c



Section I1

60 marks
Attempt Questions 11-14
Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.
In Questions 11-14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE Writing Booklet.

(a)

(b)

(©)

(d)

(e)

Solve 2% > x4 4.
x—3

The point P (11, 7) divides 4B externally in the ratio 3 : 1. If B is (6, 5),
find the coordinates of 4.

The graphs of y = ln(x+ 1) and y = 1n(7 —2x) intersect at (2, In 3).

Find the exact value of the tangent of the acute angle between the two graphs

at (2,1n3).

When a polynomial is divided by x* +2x—3 the remainder is 2x—1.

What is the remainder when the polynomial is divided by x+3?

2sin i cos(2h)

Find the value of lim
h—0

Question 11 continues on page 10



Question 11 (continued)

®

(2

The surface area of a sphere ( S4 = 477”) of radius » metres is decreasing at the

rate of 0.4 m?/s at an instant when » = 0.25.

Calculate the rate of decrease, at this instant, of the radius of the sphere.

Use the substitution u = tan x to show that, for n#—1,

z
1

(tan"+2 x +tan” x) dx=——.

. n+l1

End of Question 11

-10 -



Question 12 (15 marks) Use a SEPARATE Writing Booklet.

(a)

(b)

(©)

(d)

Consider the function f(x)=sin(e").
By taking x =5 as the first approximation to a root of the function,
use Newton’s method to find a second approximation.

Give your answer correct to two decimal places.
The parametric equations of a curve are
x=1+2sin"6, y=4tan
: 1
(1) Show that Y —.
dx sinfcos 0

(i1))  Find the equation of the tangent to the curve at the point where 6 = %

It is known that 36% of the customers of a certain supermarket will bring their own

shopping bags. There are 3 cashiers and there are 5 customers on each queue.

(1) What is the probability that all the customers in one of the queues brought

a bag and no other customers brought bags?

(i)  What is the probability that amongst all fifteen customers at least three people
have brought their shopping bags?

(1) Express cos @ +3sin @ in the form R cos(f —«), where R > 0 and

0° < a <90°, giving the exact value of R and the value of tanc .

(i1) Hence, solve the equation cos28+3sin26 =2 for 0° <6 <90°.

End of Question 12

-11 -



Question 13 (15 marks) Use a SEPARATE Writing Booklet.

(a)

(b)

AB is the diameter of a semicircular piece of horizontal ground with radius » metres.
CD is a vertical flagpole of height & metres standing with its base C on the arc 4B.
From A and B, the angles of elevation of the top D of the flagpole are 45° and 30°
respectively.

Show that A =r.

Not to scale

Suppose r +\/; is a root of the cubic equation x’ +ax+b =0, where a,b,r

are rational numbers and \/; is an irrational number.

(i)  Show that 7’ +3r° +ar+b=0 and 37* +r+a=0.

(i)  Hence or otherwise, show that r —\/; is also a root of the equation.

Question 13 continues on page 13

-12-



Question 13 (continued)

(c) Given that y =sin"'(cos x)
. . dy
1 Find —.
(i) i

(i)  Sketch y=sin"'(cosx) for —r <x< 7.

(d) Consider the function f (x) =(cos2x)(cos4x)...(cos2"x) for n>1, and n an integer.
(1) Determine whether f is an odd or even function. Justify your answer.
(i1) By using mathematical induction, prove that
sin2""x mr
x)=——— for x # —,
1) 2"sin2x 2

where m is an integer.

End of Question 13

-13 -



Question 14 (15 marks) Use a SEPARATE Writing Booklet.

(a) O is the centre of the circle Ci.

)
A
¢ ., 5
Q
(1) If ZAQB=x, express ZAOB in the terms of x, giving reason(s) for your answer.

(i1) Hence, or otherwise, show that PB=PQ.

(b) (i) By considering the coefficient of x” in the expansion of (1+x)(1+x)",

Prove that for 1<r<n,

(ii) The numbers B, B,, B, ,... is defined by

Jj=0 J k=0 k

5, = i(Zm - jj and B, - i(2m +1 —k]

Show that B, ,—B, ., =B

2n+1

for n>0.

Question 14 continues on page 15

- 14 -



Question 14 (continued)

(©) When an object is projected from the origin with an initial velocity of V at an angle

6 to the horizontal, the equations of motion of the object are:
x(t)=Vtcos@ and y(t)="Vtsin 0—% gt*. (Do NOT prove these)

Two particles, A and B, are projected simultaneously towards each other from two
points which are d distance apart in a horizontal plane.
Particle 4 has mass m and is projected at speed u at angle « above the horizontal.

Particle B has a mass M and is projected at speed w at angle S above the horizontal.

The trajectories of the two particles lie in the same vertical plane. The particles

collide directly when each is at its point of greatest height above the plane.

As aresult of the collision mcota = M cot . (Do NOT prove this result)

(i)  Show that usina =wsin 3.

(ii))  Show that the collision occurs at a point which is a horizontal distance,

Md
m+M

b metres, from the point of projection of 4 where b =

(iii)  Show that the height, /4, above the horizontal plane at which the

collision occurs is given by

. btan ‘
2
End of Paper

- 15 -
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This question was done extremely well. Most
got full marks.

One mark for expanding after substituting in the root and
then one mark for equating rational and irrational parts to
Zero.

Some students incorrectly quoted the conjugate root
theorem for complex numbers. These are not complex
roots. However if they stated that the irrational roots are
in conjugate pairs since the coefficients of the polynomial
are not irrarional then they got the marks for part (ii)



Done well.

Only one mark for solution of -1.
One and a half marks for +/- 1.
For 2 marks students must say
when solution is +/-1.

Generally done well.



If students could do the case fotr n=1 then they could generally use the same identity
for n=k+1. Generally this question was done well.



Question 14 Solutions

(a) O is the centre of the circle Ci.

c,
¢ | !

1) If ZAQB = x, express LAOB in the terms of x,
giving reason(s) for your answer.

In C : ZAOB=2x ZAQB (angles at centre and circumference)
.. LAOB =2x

(i1)  Hence, or otherwise, show that PB=P(Q .

In C, : /AOB = ZAPB (angles in the same segment)
- LAPB=2x

LAPB = ZAQB+ £ZPBQ (exterior angle sum of A BPQ)
S LPBQ=x

- PB=PQ (equal sides opposite equal angles)

Comment

Generally well done.
Penalties were given for reasons that did not fit or make sense.
If students are going to draw diagrams they need to be larger than postage stamps.



Question 14 Solutions (continued)

(b) (i) By considering the coefficient of x" in the expansion of (1+ x)(1+x)", 2

Prove that for 1<r<n,
+ =
7 r—1 7

(1+x)" = Z(Z] %

k=0

n
( ] 1s the coefficient of x" in the expansion of (1+x)".
r

n+l

+1
[n } is the coefficient of x” in the expansion of (1+ x)
r

Consider (1+x)(1+x)" =(1+x)" +x(1+x)":

Now x(1+x)" = xx;:j[:] F= ZHZ(Z] ¥

k=0

" 1] [letting r = k +1]

.. the coefficient of x” in the expansion of x(1+x)" is [

By collecting like terms in (1+x)" +x(1+x)" the coefficient of x" is [nj +( " J .
r) \r-

As (1+x)(1+x)" =(1+x)"" then by equating coefficients of like terms:

WEAAE !

No marks were awarded for not following the instruction of the question.

Comment

This question was poorly set out by almost all students.

Penalties:
e Identities need to be stated properly, not just the right hand side of one.
e Trailing “=" signs caused some issues for students.

Many students are duplicating their answers at the end. If you are a fan of the "C, notation, then do

the whole question using this notation.




Question 14 Solutions

(continued)

(b) (i1) The numbers B,,B,,B,,... is defined by

k=0

Show that B,, ., —B,,,, =B,,,, forn>0.

2m—j m (2m+1—k
( m. ]j and BZmHZZ[ " k j

. §(2n+3—jj

o\

(2n+1-) il g )
B, ZL J’ BZn+2:ZL . J andBn =
Jj=0 J j=0 J
Consider an+1 +B2n+2:
v (2n+1- ) e 2mt2-j )
B,,.*B,,., :ZL . J+ZL . J
Jj=0 J =0 J
(2n+1) (2n) (2n-1) (n+2) (n+1\

LIPS
f2n+2\+f 2n \{

(2n+3) (2n+2)
Note |y J=1 o J7!

Now using part (b) (i):

2 2+2 (

(2n+3 ) (2n+2\ ( 2n+1 )

U )M

(2n+3 0) ([ 2n+3-1) [ 2p43-2 )

| JU

+(2n+3—(n+1)\
n+1

U

& 2n+3- )
D

=B

2n+3

Alternative solution on next page

+ 2\2&+ +Ln_§x
n+2\
J+ +L

n+l1 \
n+1

(n+3) (n+2)

JJF +L nJ Ln+1)

(2n+3-n)

Jorl




Question 14 Solutions (continued)

Alternative solution to (b) (ii)

ml2pn+3-k) 2 2n+2-k
B, ;-B,,,= Z[ k J_Z( k J

k=0 k=0

LT H

= 1_1+§K2n;_21_ kﬂ [Using part (i)]

Now letu=k—-1

n (2n+2—(u+1)
an73 _an+2 = Z[ " ]

u=0

Comment
This question would have been better left blank by a lot of students rather than wasting their ink on
it. A handful were successful in using factorials to answer this question.

Penalties:

e No care was taken with the definitions, so that most people just could not score many marks,
if any at all.

e Many students didn’t elaborate how they made use of part (i).

n+l
e Some students didn’t think through their calculations and ended up with terms like ( ]

n—
or ( J and then tried to just cross them out or hope that the marker wouldn’t see them.
n+



Question 14 Solutions (continued)

(©) When an object is projected from the origin with an initial velocity of V" at an angle
@ to the horizontal, the equations of motion of the object are:

x(t)=Vtcosd and y(t)=Vtsinf —% gt’. (Do NOT prove these)

Two particles, 4 and B, are projected simultaneously towards each other from two
points which are d distance apart in a horizontal plane.

Particle 4 has mass m and is projected at speed u at angle & above the horizontal.
Particle B has a mass M and is projected at speed w at angle £ above the horizontal.
The trajectories of the two particles lie in the same vertical plane. The particles
collide directly when each is at its point of greatest height above the plane.

As a result of the collision mcota = M cot . (Do NOT prove this result)

(1) Show that usina =wsin f. 2

A particle reaches its maximum height when y =0.
V'sin@

g

y=Vsinf-gt=>t=

usina _ wsinf3
g g

Particles 4 and B collide at the same time = ¢ =

cousing = wsin S

Comment

The aim of this question is to show why the initial velocities are the same. To state that they have to
be, as many physics students insisted, begs the question.



Question 14 Solutions (continued)

(c) (i1) Show that the collision occurs at a point which is a horizontal distance,
Md

m+M

b metres, from the point of projection of 4 where b =

How far has a particle travelled horizontally when it reaches maximum height?

x=VtcosO
Vsin@

g
3 V*sinBcosd

g

=V x x cos@

u’sinacosa w’ sin Bcos 3

b and d-b
8 g
_u’sinacosa w’sinfcos B

b d-b

. (usina)’cosasinB _ (wsinB)’ cos fsina
' b - d—b

(d—b)cosa _ bcos
sina sin

Applying usina = wsin £ from (c) (i) and re-arranging =

~.(d—-b)cota =bcot

cota M
Now mcota = Mcotff = =—
cotf m
cota
~(d-b) =bh
cotf
.'.(d—b)%:b:M(d—b):bm
m
Sb(m+ M)=Md
_ Md
Cm+M

Comment

Some very impressive alternative answers provided by some students. That said, most students
didn’t handle this question well.




Question 14 Solutions (continued)

(©) (iii)  Show that the height, /4, above the horizontal plane at which the
collision occurs is given by
btan o
h= )
2

What is the maximum height a particle reaches?

vsing . g(Vsing)

x sin
g 2\ g
B V?sin® @ B V?sin® @
g 2g
V?sin® @

ymax: X

_u’sina.sina
2g

u’ sina cosa.sina

2gcosa

1 u’sinacosa sina
X X

2 g cosa
1 ..
=—xbxtana From (¢) (11
: [ From (c) (i) ]
_ btana
2

Alternative solution on next page




Question 14 Solutions (continued)

b=utcosa=t=

ucoso

The time to get to (b, h) is t =
ucosa

h=utsina —1gt’

(ool )
=u sina—5g
ucosa ucosa

b2

zbtana—ﬁ

2gu” cos” a

b b sin
=btan o — —X—F5——5—X—

2 gu cos o sina

btan b
=bhtana — X— -

gu” cosasina

btana o u’sina cosa
=btanx — {Proved in (11)b:—}
_btana

2
Comment

Some interesting alternative answers provided by some students. That said, most students didn’t
handle this question well.

End of solutions
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